Coupling between chemical reactions and transport phenomena can cause the substrate concentration at the surface of a membrane to be lower on the substrate-rich side than the substrate-lean side. Thus, the diffusing flux inside the membrane may be counter to the overall external concentration driving force. Graphical solutions of various steady states of such membranes are presented.
Most current theories of membrane transport assume that an asymmetry in the two membrane surfaces is responsible for phenomena such as active transport (3, 6, 8) . Recently, Aris and Keller (1) have pointed out that even when the bath permeant concentrations on both sides of the membrane are identical, a diffusive flux can exist through a symmetrical membrane; that is, one for which both surfaces have the same structure.
In this work, we will demonstrate that when the bath concentrations on both sides of a perfectly symmetric memlbrane are not equal, the coupling between the chemical reaction and transport phenomena may cause the substrate concentration at the surface adjacent to the substrate-rich fluid to be lower than that adjacent to the substrate-lean fluid. As a result, the diffusive flux inside the membrane is counter to the overall external concentration driving force. Throughout this paper, the term "substrate" should be interpreted in a generalized sense in the context of diffusion through the membrane. That is, the diffusing species may actually be a complex involving the substrate. Moreover, another species may be carried across the membrane in the same complex. The intuitively surprising conclusions obtained here may, therefore, be of interest in the theory of cotransport, or in other biological systems. The discussion here will be rather brief, since a more thorough treatment cf an analogous problem has been presented elsewhere in connection with an exothermic reaction occurring on the surfaces of a nonporous catalytic slab (5) .
The system considered is quite similar to the one suggested by Aris and Keller (1) . Suppose that the reaction S --A has a rate given by Michaelis-Menten kinetics with substrate inhibition, and that the enzyme that catalyzes this reaction is localized on the outer surfaces of a membrane. It will also be assumed that this reaction does not occur within the bulk of the membrane, but that substrate has permeability P in the membrane. Because of the reaction that occurs at the outer surfaces of the membrane, the substrate concentration at each face will be different from the concentration in the bath fluid phases far from the membrane. The substrate flux from a bath ("extracellular fluid") with concentration so to a membrane surface where the substrate concentration is s, may be expressed in the form k,(so -si). The (S1-s2)/Bi = g1(si) (82 -sl)/Bi = 92(82), [4] [5] where gi(s) = -vi(s)/k, -8 + So 92(5) = -v2(s)/kr -s + s3. [6] [7] The dimensionless parameter Bi = kI/P appearing in Eq. [4] and [5] is called the Biot number. In the mathematical description just presented, it is the only place where the membrane permeability appears. A steady state of the membrane is. determined by finding a pAir of values (s1,s2) that satisfies Eq. [4] and [5 ] . Rather than solving these equations directly for a particular permeability, it is convenient to adopt an indirect approach that yields all steady states for all Biot numbers (5). Eq. [4] and [5] may be restated in the form g2(82) = -g(81) [8] and Bi = (82-sl)/g2(82).
[9]
Roots of Eq. [8] may be obtained by plotting both g, and g2 against s on the same coordinate axes. The intersections of these curves with two parallel lines equidistant from the z-axis determine (s8,82) pairs satisfying Eq. [8] . As revealed in Eq.
[9], the Biot number corresponding to any such pair is equal to twice the reciprocal of the slope of a line connecting g (si) with g2(s2). For a physically meaningful solution, this slope must be positive, since kc, P, and, thus, Bi are all positive. The procedure just outlined determines all possible steadystate pairs of surface substrate concentrations, with their corresponding Biot numbers. After this information is plotted on a graph of 8 against Bi, the possible steady-state conditions for any particular Bi may be read directly from the graph. Moreover, such a graph clearly shows the dependence of the steady-state surface substrate concentrations on the membrane permeability.
It should be noted that with substrate-inhibited kinetics, the reaction rate is not necessarily monotonic with the substrate concentration. We will restrict our discussion here to the case where the surface kinetics are such that g (8) analytically and experimentally for analogous open enzyme reaction systems (2, 7). Fig. 1 shows the gi and g2 graphs for a membrane that is exposed to different substrate concentrations in the bath on either side (s3 > So). The activities of the immobilized enzymes on the membrane faces are assumed equal (k1 = k2). Throughout this paper, it will be assumed that Km and K, are the same on both sides of the membrane. One would expect the membrane surfaces to be differentiated by unequal surface substrate concentration. Intuition suggests that the substrate concentration at face 2 will be higher than face 1 (in other words, 82 > 81), since face 2 of the membrane is bathed by a fluid phase richer in substrate. As will be seen shortly, this is not necessarily always true.
Steady-state surface substrate pairs, and the corresponding Biot numbers for the situation just described, are plotted in Fig. 2 Fig. 2 . The substrate concentration profiles for these stable steady states are illustrated in Fig. 3 . Again, it should be noted that within the membrane the term "substrate" is to be given a more general interpretation. Actually at Bi = 12, there are nine possible steady states, but five of them are unstable and cannot be realized. A stability analysis for this and related problems may be found elsewhere (5) .
The steady-state substrate pairs belonging to curves A, B, and C are consistent with our intuitive notion that the surface concentration should be higher at face 2. However, this is not the case for steady states corresponding to the D curves. Here, the substrate concentration at face 1 is higher than that at face 2, even though face 2 is bathed by a fluid phase more concentrated in substrate, as shown in Fig. 3 . Thus, in this instance the membrane surfaces are differentiated in an unusual way, and substrate is transported within the membrane against the external concentration driving force.
An interesting feature of this problem is the emergence of additional steady-state solution pairs as the Biot number is increased. For sufficiently "thin" membranes (large P), only two possible steady states exist for which the substrate diffusion within the membrane is in the direction of the imposed Proc. Nat. Acad. Sci. USA 69 (1972) A careful examination of the mathematical restrictions stated earlier reveals that the intriguing possibility of membrane transport in the same direction as the external gradient can occur only if both gi and g2 intersect the s-axis three times. Only this case will be treated in this note. For consideration of other possibilities, the reader is referred to ref. 5 .
In the present case with ki = k2, the g2 graph is parallel to the gi graph and the difference between the two graphs at each 8 4 and 5 show a case where the bulk-phase substrate concentrations on either side of the membrane are equal (so = 83), as are the Michaelis and inhibition constants, but where the two surfaces have different enzymatic activities (k1 > k2). Moreover, attention will again be restricted to a case where gi(s) = 0 has three roots. Then, providing k2 is not too much smaller than ki, 92 will intersect the z-axis three times. The smaller is k2 relative to ki, the more the 92 graph shifts upward relative to the gA graph. The resemblance of these results with those for the preceding example is clear.
Again, the steady states belonging to the iD, 2D curves in Fig. 5 are of special interest. For these steady states, the surface substrate concentration is higher at face 1, which contains the more active enzyme. This is contrary to the intuitive expectation that more active enzymes would lower the surface substrate concentration relative to the other face. The other possible steady states for the system (see the curves A, B, C in Fig. 5 
